Evidence for two-photon exchange contributions in electron-proton and 

positron-proton elastic scattering 
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The comparison of positron-proton and electron-proton elastic scattering cross sections is a sensi- 
tive test for the presence of two-photon exchange contributions. Thirty years ago, positron data were 
considered adequate to set tight limits on the size of two-photon corrections. More recently, these 
radiative corrections have again become a matter of great interest as a possible explanation for the 
discrepancy between Rosenbluth and polarization transfer measurements of the proton electromag- 
netic form factors. We have reexamined the electron and positron scattering data to see if they can 
accommodate two-photon effects of the size necessary to account for the Rosenbluth-polarization 
transfer discrepancy. The data are consistent with simple estimates of the two-photon contributions 
necessary to explain the discrepancy. In fact, they strongly favor a large e-dependent correction 
to the positron to electron ratio, providing the first direct experimental evidence for a two-photon 
contribution to unpolarized lepton-proton scattering. 

PACS numbers: 25.30.Bf, 13.40.Gp, 14.20.Dh 



I. INTRODUCTION 



Measurements of Ge/Gm, the ratio of the proton elec- 
tric and magnetic form factors, from Rosenbluth sepa- 
ration and polarization transfer techniques yield signif- 
icantly different results at large values of Q^, the 
four-momentum transfer squared. The systematic uncer- 
tainties of both the Rosenbluth [l| and polarization 
measurements have been studied in detail, and no ex- 
planation for the discrepancy in terms of experimental 
problems has been found. If the discrepancy is not due 
to errors in the experiments or analyses, it may indicate 
a more fundamental problem with one of the techniques. 
Until this discrepancy is understood, there will be large 
uncertainties in our knowledge of the proton form fac- 
tors. Since the polarization transfer measurements have 
only extracted the ratio Ge/Gm, cross section measure- 
ments are still needed to determine the magnitude of the 
individual form factors. So even if it is shown that the 
polarization transfer measurements are correct, and that 
the problem is due to unaccounted for corrections in the 
cross section measurements, there will still be uncertain- 
ties in the form factors until we fully understand these 
corrections 

Because the discrepancy grows rapidly with Q^, it 
has typically been assumed that it is a problem with 
the cross section measurements, where a fixed error in 
the e dependence of the cross sections would yield an 
error in {Ge/GmY that grows approximately linearly 
with . Assuming that the difference is due primar- 
ily to missing corrections in the cross section measure- 
ments, the discrepancy requires an error in the e de- 
pendence of the cross section of approximately 5-8% for 
1< Q2 < 6 GeV2 dim. 

In order for a modification to the cross section to 
change the extracted form factor ratio, it must modify 



the £ dependence of the reduced cross section, 
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where r = Q^/4Mp, and e is the longitudinal polariza- 
tion of the virtual photon [e^^ = 1 + 2(1 + r) tan^ (0/2)]. 
Several attempts have been made to find effects that 
might introduce an additional e dependence to the mea- 
sured cross section, thus modifying the extracted Rosen- 
bluth form factors. Coulomb corrections, when im- 
plemented in a simple effective momentum approxima- 
tion 5] , do modify the e dependence of the cross section, 
but yield a very small effect compared to the size needed 
to explain the discrepancy. For the most part, investiga- 
tions have focussed on the effect of two-photon exchange 
corrections 0,0,13 beyond the limited contributions that 
are already included in the traditional calculations of ra- 
diative corrections H, |^ 0| . 

While these works have shown that it is possible that a 
two-photon correction could explain the discrepancy, the 
only quantitative calculation "&\ is limited to the elastic 
part of the two-photon contributions, i.e., the box and 
crossed-box diagrams considering only the case where the 
intermediate state is a proton, and yield only a 2% e de- 
pendence, less than half the size necessary to explain the 
discrepancy. In this work, we reexamine positron mea- 
surements that were designed to test for two-photon con- 
tributions in elastic scattering in light of the possibility 
that they may be responsible for the discrepancy. 



II. EXPERIMENTAL LIMITS ON 
TWO-PHOTON CONTRIBUTIONS 

The effect of two-photon exchange terms can be ob- 
served in several processes. The imaginary part of the 
two-photon amplitude can, in principle, be measured in 
polarization observables. Measurements of the normal 
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polarization, P/v, which is zero in the Born approxima- 
tion, have been made 0,0,0, but no statistically sig- 
nificant indication of two-photon contributions has been 
seen. Similarly, the asymmetry An has been measured 
for both elastic and inelastic scattering 0, again 
with only null results. Thus far, the only observations of 
possible two-photon effects are in the asymmetry of scat- 
tering of transversely polarized electrons from protons. 
These asymmetries are extremely small, of order 10~^, 
and so extremely difficult to measure. However, they 
have been observed by the SAMPLE experiment at MIT- 
Bates Te^ and the PVA4 Collaboration at Mainz \it\ . 
However, these polarization observables are related to the 
imaginary part of the two-photon amplitude, while the 
cross section measurements are related to the real part. 
Therefore, while these data can be used to test models 
of the two-photon exchange, they do not directly con- 
strain the two-photon contributions to the unpolarized 
cross sections, which might explain the discrepancy. 

There are two ways to look for the effects of two-photon 
exchange corrections in the unpolarized elastic electron- 
proton cross section. First, one can look for deviations 
from the linear e dependence in Eq. ^ There are a few 
Rosenbluth separation measurements [isl ITqI that 
cover both large and small e values and have small un- 
certainties (1-2%). These measurements do not show 
any significant deviations from linearity, but they have 
limited sensitivity because they have little data below 
e = 0.4 and no data below e = 0.2. Data from differ- 
ent experiments can be combined to expand the s range, 
but normalization uncertainties between different exper- 
iments reduce the significance of such tests, while at- 
tempts to normalize across the datasets P, |^ rely on 
the linearity when determining normalization factors. So 
while these data set limits on non-linearities at large e, 
the limits are less significant at low s. In addition, these 
measurements are insensitive to two-photon correction 
terms that are constant or vary linearly with e. Such 
corrections would modify the extracted values of G^; and 
Gm without spoiling the linearity of the Rosenbluth plot. 

The second approach is to compare positron-proton 
scattering to electron-proton scattering. For positron- 
proton scattering, the interference term between the one- 
photon and two-photon amplitudes changes sign, yielding 
a ratio R = a{e^p)/a{e~p) « 1-1- 4Re(B)/A, where B is 
the two-photon amplitude, and A is the one-photon am- 
plitude j22|]. The modification to the electron cross sec- 
tion is approximately 1 — 2Ke{B) / A, and so any change 
in the electron cross section will yield roughly twice the 
change in i?, but with the opposite sign. In the simplest 
approximation, one expects an additional factor of a in 
the two-photon amplitude relative to one-photon ampli- 
tude, yielding corrections to the electron cross section of 
roughly 2a fa 1.5%, and to the ratio R of « 3%. Addi- 
tional differences come from Bremsstrahlung corrections 
where proton recoil is taken into account, but these are 
included in the usual radiative corrections. An analysis 
by Mar and collaborators found these additional dif- 



ferences to be relatively small, typically less than 1-2% 
for their kinematics, and to be identical to better than 
0.3% in different prescriptions 0, |2^ of the radiative 
corrections. 
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FIG. 1: (Color online) The cross section ratio, R = ae+fue-, 
as a function of Q^. The experiments are differentiated 
by color and symbol: black squares l2^, red crosses |2fll |. 
green solid triangles 22], blue hollow circles [2^. yellow dia- 
monds 27], cyan filled circles p8|. and magenta stars ||2g|. 



FigureJTl shows the existing data jM IM IM IM IZl 

l2^ I23, l3n| l for the ratio of positron-proton to electron- 
proton elastic cross sections as a function of Q^. While 
there is some hint of a dependence, the large data 
have large uncertainties, and a fit to the data of the form 
R = a + bQ^ yields b = 0.0085 ± 0.0063, less then 1.5 
standard deviations from zero. A fit of the ratios to a 
constant value yields (R) = 1.003 ± 0.005, with xl = 
0.87, which corresponds to a two-photon correction to the 
electron cross sections of(— 0.15±0.25)%. This result has 
been interpreted to mean that the two-photon corrections 
must be even smaller than the naive estimate, limiting 
the effect on the electron-proton cross section to less than 
one percent. 

However, the low intensity of the secondary positron 
beams used in these experiments makes it difficult to 
perform precise measurements where the cross section 
is small. Because of this, the data in Fig. are limited 
to low values 1 GeV^) or small scattering angles 
(e > 0.7), where the cross section is large. While the ex- 
isting data do place tight limits on the size of two-photon 
corrections in some regions, they do not place any limits 
on two-photon contributions at low e except at relatively 
low values (<1 GeV^). So it is still possible that the 
discrepancy in the extracted form factors is due to two- 
photon corrections to the cross sections, if the correction 
is only large for small e values. 

If we assume that the two-photon corrections are re- 
sponsible for the discrepancy between polarization trans- 
fer and Rosenbluth measurements, we can make specific 
predictions about how these corrections would impact 
the positron measurements, and use this to examine the 
existing data more carefully. In order to explain the dis- 
crepancy, the effect must increase the slope of the Rosen- 
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bluth plot, and so must increase the cross section at large 
£ relative to the low e. Based on the size and depen- 
dence of the discrepancy, the e dependence in the elec- 
tron cross section must be 5-8%, depending only weakly 
on Q^, for ^ 2 GeV^. It must also be reasonably 
close to linear in e, or else it would introduce visible non- 
linearities in the Rosenbluth plot. This implies that the 
ratio R should have a 10-15% e dependence, approxi- 
mately linear in e, and of the opposite sign as in the 
electron cross section, i.e., the positron to electron ratio 
must either increase at small e or decrease at large e. 

Unfortunately, there is very little positron data above 
(5^=2, and it covers a very limited e range. The data 
from Mar, et al. [22|, has four points above — 2 GeV^, 
yielding (i?) = 1.034 ±0.024. These data are all at large 
e values ((e) = 0.88), and so do not exclude significant 
two-photon corrections at large Q^. If the two-photon 
correction is small at e = 0, then a 10-15% decrease in 
R at large e would be necessary to explain the discrep- 
ancy, and this is clearly ruled out by the high e data. 
So any two-photon corrections would have to increase R 
(decrease the electron cross section) at low e in order to 
explain the discrepancy and still be consistent with the 
positron data. 

The positron data with significant e range is limited to 
<2 GeV^. Figure 121 shows these data as a function of 
e, and a significant e dependence can be seen. A linear fit, 
neglecting any dependence, yields an slope of — (5.7± 
1.8)%, with = 11-1 for 22 degrees of freedom. The 
extremely low indicates that the uncertainties in the 
data have most likely been overestimated, and that the 
effect may be more significant than indicated by the fit 
uncertainty. 

The observed increase in the positron to electron ra- 
tio at low e corresponds to an increase of 2.8% in the 
observed slope in the Rosenbluth extraction. This im- 
plies that the value of Gb extracted from the Rosenbluth 
separation will be larger than the true value, while the 
extracted Gm value will be smaller. While the 2.8% e 
dependence is only half the size necessary to explain the 
discrepancy at large value, data covering a wide range 
of e values are only available at low . The average 
value of the data in Fig.|21is only 0.5 GeV^, and the lower 
data are generally more precise, making the weighted 
average value less than 0.4 GeV^. 

We can estimate the e dependence necessary to explain 
the discrepancy in the form factors at large Q^, but at 
these low values the polarization transfer and Rosen- 
bluth form factors are not precise enough to determine 
if there is an inconsistency, and so cannot be used to 
estimate the size of the two-photon corrections. A de- 
crease in the size of the e dependence at low could 
easily yield the slope observed in Fig.|21 yet still be large 
enough to fully explain the discrepancy between polar- 
ization and Rosenbluth extractions at larger values. 
At larger values, where the size of the corrections can 
be estimated from the discrepancy, the effect decreases 
somewhat as decreases, and is approximately 5% for 
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FIG. 2: (Color online) ae+fce- cross section ratio as a func- 
tion of £ for the measurements below = 2 GeV^. The 
solid line is a fit assuming a linear e dependence and no 
dependence to the ratio, and yields a slope of —(5.7 ± 1.8)%. 
The symbols are identical to Fig. Q 



= 1-2 GeV^. In addition, the correction must become 
smaller for very small values (0.01 — 0.1 GeV^), or the 
decrease in the low-e cross sections would lead to signif- 
icant reductions in the extracted values of Gm ■ The ex- 
tractions of Gm are not precise enough to conclude that 
the corrections must go to zero, but they must be signifi- 
cantly smaller than the 5% corrections observed at larger 
values. Thus, we expect this slope in the positron to 
electron comparison to be less than 10%. 

A global analysis of the cross section and polarization 
transfer data was used to try and estimate the low 
behavior. In Ref. a global analysis of the cross sec- 
tion and polarization transfer data, assuming a fixed 6% 
e-dependent correction to the cross section, was used to 
extract the 'Polarization form factors'. A modified ver- 
sion of this global analysis was performed, but rather 
than extracting Ge and Gm with a fixed two-photon 
correction, we extract Ge, Gm, and the dependence 
of the slope of the linear e-corrections. Several differ- 
ent functional forms were tried, and a range of curves, 
which all gave good fits, are shown in Fig.|21 While the 
fits were not constrained to go to zero, they all yield a 
much smaller value as — > 0. When these curves are 
used to estimate the e dependence for the correction to 
the electron cross section at = 0.4 GeV^, they yield 
slopes of (1.8-3.3)%, implying a slope in the positron to 
electron ratio of —(3.7-6.8)%, in agreement with the ob- 
served —5.7% slope. 

The e dependence extracted above assumed no de- 
pendence to the size of the correction, and a simple lin- 
ear s dependence. While it is in agreement with the 
estimated e dependence from the form factor discrep- 
ancy, the estimate relied on an extrapolation to lower 
values. However, while the above analysis had to 
make some assumptions about the dependence of the 
two-photon effects, we can also make some significant 
model-independent statements from this data. 

For the low e data {s < 0.5) (Q^) = 0.5 GeV^ 
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FIG. 3: (Color online) The e dependence of the electron- 
proton cross section as a function of estimated from the 
discrepancy between cross section and polarization transfer 
measurements. The four curves correspond to four different 
parametrizations for the dependence. The e dependence 
of the positron-to-electron ratio should be of opposite sign 
and approximately twice the size of the e dependence in the 
electron cross section. 

(weighted average) and (i?) = 1.049 ± 0.014, clearly 
demonstrating that two-photon effects decrease the elec- 
tron cross section at low e and low . Note that only 
one point below e — 0.5 is above — 1 GeV^, and it 
has a positron to electron ratio of 1.079 ± 0.046. This 
is consistent with the 10-12% increase that would ex- 
plain the discrepancy in form factor measurements for 
=1-2 GeV^, but also only two standard deviations 
from R = 1. 

In addition to the observation of a significant e depen- 
dence at low values, the data also sets significant lim- 
its on possible two-photon exchange corrections at large 
Q2 for e ^ 0.8. For > 1 GeV^, (R) = 1.020±.015. So 
the 95% confidence region for R at large e is 0.99-1.05, 
yields limits on the electron cross section modification of 
-2.5% to +0.5%. To increase the slope of the Rosenbluth 
plot, they would have to increase the high-e electron cross 
section, and such an enhancement is limited to < 0.5%. 

III. IMPLICATIONS OF THE POSITRON 
MEASUREMENTS 

The e dependence of the two-photon effects seen here 
is consistent with the calculations of Refs. |^ |^ , which 
have small corrections at large e, and a significant de- 
crease of the electron cross section at low e. However, 
it rules out the form of Ref. as an explanation for 
the discrepancy between polarization and Rosenbluth ex- 
tractions of Ge/Gm- In Ref. 0, the authors predict 
a specific e dependence, which is zero at e = 0, and 
grows rapidly at large e. If the size of the correction is 
made small enough to be consistent with the constraints 
from the positron measurements at large e, then the two- 
photon effects at smaller e values will be negligible. 

The positron measurements are also inconsistent with 



the corrections obtained in Ref. at least given the 
specific approximations that the authors use to obtain 
the two-photon effects from the discrepancy in form fac- 
tor measurements. They do not assume single photon 
exchange, but instead write a more general expression 
for the cross section in terms of two generalized form fac- 
tors, Ge and Ga/, along with a third term, F3, which is 
zero in the Born approximation. By assuming that the 
two-photon contributions are negligible in and Gm, 
they extract values of I27 , a dimensionless parameter re- 
lated to the size of F3, such that the effect of ^27 on 
the cross section and polarization transfer data resolve 
the discrepancy. Under this assumption, the two-photon 
effects on the cross section measurements are approx- 
imately proportional to e, and are ^5% at £ = 1 for 
Q2 > 1 GeV^. This would yield R « 0.9 for the large 
positron measurements, which is clearly ruled out by the 
data (Fig. It is possible that the two-photon effects 
in their ¥"27 terms could be cancelled by two-photon ef- 
fects that modify Ge and Gm- If this is the case, the 
formalism may still allow a connection between the two- 
photon effects in polarization transfer and cross section 
measurements, but it is no longer possible to determine 
the two-photon terms directly from the extraction of I27 , 
because of the sizable two-photon contributions to G^; 
and Gm- 

This observation of the form of the two-photon effects 
can also be used to assist in the extraction of form fac- 
tors from Rosenbluth and polarization transfer data. To 
have a consistent extraction of the form factors from the 
cross section and polarization data, we have to assume 
something about the nature of the discrepancy. An e de- 
pendence of the cross section, of the form observed in the 
positron data, is consistent with the assumption used in 
Ref. In this case, it was assumed that the cross sec- 
tions were modified by two-photon exchange terms that 
were zero at £ = 1, linear in £, and large enough to ex- 
plain the discrepancy. This assumed modification to the 
cross sections was removed to correct for the two-photon 
effects, with no correction at £ = 1, and a 6% increase in 
the cross sections at small £ (o'c2 of Ref. Q)- The size 
of this correction is such that the Rosenbluth data ap- 
proximately reproduce the polarization transfer values of 
Ge/Gm, and the 6% increase in the £ = cross section 
yields a value of Gm that is approximately 3% higher 
than a direct Rosenbluth extraction from the unmodified 
cross sections (e.g. the parametrization of Ref. or 
the 'Rosenbluth form factors' of Ref. 0)- 

A similar combined extraction of form factors in 
Ref. used the polarization transfer values for Ge / Gm 
to fix the slope of the reduced cross section, and used the 
uncorrected cross sections to extract the magnitude of 
Ge and Gm- For a data point at £ = 1, the change 
in the assumed slope of Eq. ^ yields an increase in the 
extrapolation to £ = 1 of 5-8%, the size implied by the 
discrepancy, and so gives similar results to the extraction 
of Ref. 'sl. For a measurement at very low £, the change 
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in slope leaves the e = extrapolation unchanged. So 
depending on the mean e value of the data in a given 
range, the extracted value of Gm will be 0-4% lower in 
this analysis, compared to Ref. with a typical differ- 
ence of 1-2%, as there are more data at large e values. 
Note that both of these combined extractions rely on the 
assumption that the two-photon exchange terms have lit- 
tle or no effect on the polarization transfer results. 

IV. CONCLUSIONS 

This is the first direct experimental evidence for 
large two-photon corrections in the unpolarized elastic 
electron-proton cross section. The effect is only observed 
for low values, and so cannot be directly compared 
to the two-photon contributions necessary to explain the 
discrepancy between Rosenbluth and polarization trans- 
fer measurements of the proton form factors. However, 
the size and e dependence of these effects are consistent 
with simple estimates based on the observed discrepancy, 
and so this observation supports the idea that two-photon 
contributions may significantly modify the Rosenbluth 
extraction of nucleon form factors. 

Additional comparisons of positron to electron scat- 
tering over a range in and e would provide the most 



direct extraction of these two-photon corrections. With 
precise measurements over an adequate range in s and 
Q^, we could determine if the two-photon effects can 
fully explain the difference between polarization transfer 
and Rosenbluth measurements of the form factors, and 
could also provide significant data with which to con- 
strain models of the real part of the two-photon ampli- 
tude. However, at the present time it is unclear where 
such a program could be carried out over the necessary 
kinematic range, and with the precision needed to map 
out these corrections. In the meantime, the existing data 
can be used to test calculations of the two-photon ef- 
fects, and already are sufficient to rule out approaches 
with large electron cross section enhancements at large 
e values. These data also provide information about the 
size and e dependence of the two-photon effects, impor- 
tant when attempting to extract the proton form factors 
from a combined analysis of Rosenbluth and polarization 
transfer data. 
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